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Following the construction introduced by Antoniadis and Savvidy in Refs. [1–3], we study metric-
independent topological invariants on a (2n + 1)-dimensional space–time. These invariants allow us 
to show that Chamseddine’s even-dimensional topological gravity corresponds to a Chern–Simons–
Antoniadis–Savvidy form. Starting from this result, more general four-dimensional topological gravity 
actions are explicitly constructed.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
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In Refs. [4–6] A.H. Chamseddine constructed topological actions 
for gravity in all dimensions. He found in the odd-dimensional
case the action given by S(2n+1) = k ∫M2n+1 L(2n+1)ChS (A) where 
L(2n+1)ChS (A) corresponds to a (2n + 1)-Chern–Simons form. All the 
dynamical ﬁelds are components of an algebra-valued, one-form 
gauge connection A = AAμT A ⊗ dxμ , and the (2n + 1)-Lagrangian
form is given by [7]
L(2n+1)ChS (A) = (n + 1)
1∫
0
dt
〈
A
(
tdA + t2A2
)n〉
. (1)
Under off-shell gauge transformations, L(2n+1)ChS (A) only changes 
by a closed form, and therefore the theory is described as ‘quasi-
invariant’ in the literature. Perhaps the best-known example of this 
kind of theories is three-dimensional gravity,
L(3)G (A) =
1
2
abc
(
Rab + 2
32
eaeb
)
ec, (2)
because of the famous quantization of the system due to Witten 
[8,9]. However, the construction can be performed in every odd 
dimension, and to be extended to the case of superalgebras. In 
higher odd dimensions, the theory has a very complex dynamics, 
with propagating degrees of freedom (although the proof of renor-
malizability hasn’t been extended to this case). In the last decades, 
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SCOAP3.these kinds of systems have been thoroughly studied; see for in-
stance Refs. [10–15] and a comprehensive review in Ref. [16].
In the even-dimensional case, a similar construction using as 
only ﬁeld a 1-form gauge connection is not possible. As a matter 
of fact it is necessary to use in addition to the gauge ﬁeld A, at 
least a 0-form multiplet φ in the fundamental representation of 
the gauge group. It is because the n-product of the ﬁeld strength 〈
Fn
〉
is a group invariant 2n-form, but also it is a topological invari-
ant density which doesn’t provide equations of motion. But when 
the scalar ﬁeld φa in the fundamental representation is included, 
it is possible to construct a 2n-dimensional action as
S(2n) [A, φ] = k
∫
M2n
a1....a2n+1 φ
a1 Fa2a3 · · · Fa2na2n+1 , (3)
where F = dA + AA. This action (even-dimensional topologi-
cal gravity) was obtained by Chamseddine in [4] from an odd-
dimensional Chern–Simons Lagrangian using a dimensional reduc-
tion method. This kind of action principles have attracted some 
attention recently. They can provide interesting cosmological dy-
namics, with non-vanishing torsion (see Ref. [17]).
Besides Chamseddine’s dimensional reduction, topological grav-
ity has other deep links with Chern–Simons forms. For instance, in 
Ref. [18] it was found that even-dimensional topological gravity ac-
tion arises from odd-dimensional Chern–Simons gravity using non-
linear realizations of the Poincaré group ISO (d − 1,1). The ﬁeld φa
was identiﬁed with the coset ﬁeld associated with the non-linear 
realizations of the group.
Further explorations were developed in Ref. [19]. There it was 
shown that even-dimensional topological gravity actions, invariant 
under the Poincaré group, correspond (up to a multiplicative con-
stant) to a gauged Wess–Zumino–Witten term (see also Ref. [20]). under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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Chamseddine’s even-dimensional topological gravity and a partic-
ular case of Chern–Simons structures developed by Antoniadis and 
Savvidy in Refs. [1,2].
The plan of the article is as follows. In Section 2, a short re-
view on Chern–Simons–Antoniadis–Savvidy forms is presented. In 
Section 3 the relationship between this construction and Chamsed-
dine’s even-dimensional topological gravity is presented. In Sec-
tion 4 some examples of the construction are studied for the case 
of AdS, conformal and so(D − 1, 1) ⊕ so(D − 1, 2) algebras [21,22].
2. The Chern–Simons–Antoniadis–Savvidy forms
In this section, we brieﬂy review some examples of the 
Antoniadis–Savvidy generalization of Chern–Simons polynomials 
including algebra-valued, higher-order gauge ﬁelds.
In order to clarify ideas, let us consider the gauge invariant 
(2n + 3)-form given by
2n+3 = 〈FnH〉, (4)
where H = dB + [A, B] is the 3-form ‘ﬁeld-strength’ tensor for the 
generalized gauge ﬁeld 2-form B . By direct computation of the 
derivative we can see that 2n+3 is a closed form: d2n+3 = 0. 
According to the Poincaré lemma, this implies that 2n+3 can be 
locally written as an exterior differential of a certain (2n + 2)-form. 
This potential (2n + 2)-form is given by [2], (see also [23])
2n+3 = 〈FnH〉 = dC(2n+2)ChSAS , (5)
where the (2n + 2)-form C(2n+2)ChSAS is given explicitly by
C
(2n+2)
ChSAS (A, B) =
1∫
0
dt〈AFn−1t Ht + · · · + Fn−1t AHt + Fnt B〉. (6)
From eq. (6), we have for the case n = 1
C
(4)
ChSAS =
1∫
0
dt〈AFt + Ft B〉 = 〈F B〉. (7)
It seems remarkably similar to the original expression for 
Chamseddine topological gravity, although in the eq. (7) case B
is a 2-form. This is not an accident; in Section 3 it will be shown 
that topological gravity [4] does correspond to a 2n-dimensional 
Chern–Simons–Antoniadis–Savvidy (ChSAS) form.
Depending on the dimensionality, it is possible to construct 
other invariants, with a richer structure. For instance, in Refs. [3]
and [24] the invariants 2n+6 and 2n+8 are constructed as
2n+6 = 〈FnH6〉 + n〈Fn−1H24〉 = dC2n+5ChSAS,
and
2n+8 = 〈FnH8〉+3n〈Fn−1H4H6〉+n(n−1)〈Fn−2H34〉 = dC2n+7ChSAS,
respectively.
3. Topological gravity and ChSAS invariants
In this section we analyze the case of 0-forms in the context 
of the Antoniadis–Savvidy construction and its relationship with 
Chamseddine’s even-dimensional topological gravity.
Following the same procedure from Refs. [2,3,24], it is possible 
to construct the invariant (2n + 1)-form density
2n+1 = 〈FnH1〉, (8)where H1 = Dφ = dφ + [A, φ] is a 1-form ‘ﬁeld-strength’ tensor 
for the 0-form ‘generalized gauge ﬁeld’ φ. Since 2n+1 is a closed 
form, d2n+1 = 0, from the Poincaré lemma we know that locally 
must exist a potential 2n-form
2n+1 = 〈FnH1〉 = dC(2n)ChSAS. (9)
The 2-form and 1-form ‘curvatures’ satisfy the Bianchi identi-
ties,
DF = 0, DH + [φ, F ] = 0, (10)
and under gauge transformations behave as
δF = D(δA), δH1 = D(δφ) + [δA, φ] . (11)
Using (11) we ﬁnd
δ2n+1 = d〈δAFn−1H1 + · · · + Fn−1δAH1 + Fnδφ〉. (12)
Following Ref. [25], we introduce a one-parameter family of po-
tentials and strengths through the parameter t , 0 ≤ t ≤ 1, At = t A, 
Ft = t F + (t2 − t)A2, φt = tφ, H1t = tH1 + (t2 − t)[A, φ], and from 
eq. (12), we ﬁnd
δ〈Fnt H1t〉 = d〈δAt Fn−1t H1t + · · · + Fn−1t δAt H1t + Fnt δφt〉. (13)
Since δ = (∂/∂t)δt and δAt = δt A, δφt = δtφ we get
2n+1 = 〈FnH1〉 = dC2nChSAS,
where the 2n-form C2nChSAS, is a Chern–Simons–Antoniadis–Savvidy 
form given by
C
(2n)
ChSAS (A, φ) =
1∫
0
dt〈AFn−1t H1t + · · · + Fn−1t AH1t + Fnt φ〉
= 〈Fnφ〉. (14)
In Refs. [4–6] A.H. Chamseddine found that to construct even-
dimensional topological actions for gravity it is necessary to use, 
in addition to the gauge ﬁelds, a scalar multiplet φa in the fun-
damental representation of the gauge group and that for even-
dimensional spaces there is no natural geometric candidate such 
as the Chern–Simons form. The gauge group is ISO(2n − 1, 1) or 
SO(2n, 1) or SO(2n − 1, 2). To form a group invariant 2n-form, the 
n-product of the ﬁeld strength is not enough, but will require in 
addition a scalar ﬁeld φa in the fundamental representation.
In Ref. [18] it was shown that the action (3) can be obtained 
from the (2n + 1)-dimensional Chern–Simons gravity genuinely 
invariant under the Poincaré group with suitable boundary con-
ditions, and in Ref. [19] was found that it correspond (up to a 
multiplicative constant) to a gauged Wess–Zumino–Witten term 
for the Poincaré group case.
From Eq. (14) we can see that the Chern–Simons–Antoniadis–
Savvidy form C(2n)ChSAS permit to construct even-dimensional topo-
logical actions for gravity for the ISO(2n − 1, 1) or SO(2n, 1) or 
SO(2n − 1, 2) gauge groups as well as another gauge groups such 
as the SO (D − 1,1)⊕ SO (D − 1,2) group from Ref. [21]. For exam-
ple, when the gauge group is the AdS group, the form C(2n)ChSAS does 
corresponds to
〈Fnφ〉 = εa1a2···a2n+1 Fa1a2 · · · Fa2n−1a2nφa2n+1 , (15)
which coincides with Chamseddine’s Lagrangian for even-dimen-
sional topological gravity from Ref. [4].
4. Topological gravity as four-dimensional 
Chern–Simons–Antoniadis–Savvidy form
In this Section we construct explicitly the four-dimensional ac-
tions for topological gravity for the AdS group, conformal group 
and SO (D − 1,1) ⊕ SO (D − 1,2) group.
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The conmutation relations of the ﬁve-dimensional AdS algebra
[ Jab, Jcd] = ηbc Jad + ηad Jbc − ηac Jbd − ηbd Jac,
[ Jab, Pc] = ηbc Pa − ηac Pb,
[Pa, Pb] = Jab,
where
ηab = diag (−,+,+,+,+) .
The connection A and the scalar ﬁeld φ valued in the SO (4,2)
algebra are given by
A = AAμT Adxμ = e + ω =
1

ea Pa + 1
2
ωab Jab,
φ = φAT A = ϕ + β = 1

ϕa Pa + 1
2
βab Jab.
From eq. (14), we have that C(4)ChSAS for the AdS algebra is given 
by
S(4)ChSAS =
∫
M4
〈F 2φ〉 =
∫
M4
εabcde F
ab F cdφe, (16)
which coincides with the four-dimensional action for the four-
dimensional topological gravity found by Chamseddine in Ref. [4].
Since in this case the curvature can be write as
F = dA + A2 = T +R= 1

T a Pa + 1
2
(
Rab + 1
2
eaeb
)
Jab,
we have that the Chern–Simons–Antoniadis–Savvidy form is given 
by C4ChSAS = 〈(T +R) (T +R) (ϕ + β)〉, so that the corresponding 
Chern–Simons–Antoniadis–Savvidy action can be written explicitly 
as
S(4)ChSAS =
κ
4
∫
εabcde
(
RabRcd + 2
2
Rabeced + 1
4
eaebeced
)
ϕe,
(17)
where, for simplicity we have considered the case T a = 0. This re-
sult is valid for a four-dimensional manifold which correspond to 
the boundary of the ﬁve-dimensional manifold where the invariant 
5 is deﬁned.
The ﬁelds ea and ωab , with a, b = 0, 1, 2, 3, 4, in (17) are one-
forms pulled baked in 4 dimensions. Using the decomposition 
ea = (ei, e4), ωab = (ωi j,ωi4 = λei) with i = 0, 1, 2, 3, the cur-
vatures Rab and T a can be written as Rij = Rˆ i j − λ2eie j , T i =
Tˆ i + λeie4, Ri4 = λ (dei + ωi je j) = λTˆ i , T 4 = de4 + λeiei , with 
Rˆ i j = dωi j + ωikωkj , Tˆ i = dei + ωi je j and we ﬁnd
S(4)ChSAS =
∫ (
Lϕ4 +Lϕ i
)
,
where
Lϕ4 =
κ
4
εi jkm
(
Rˆ i j Rˆkm + α Rˆ i jekem + βeie jekem
)
ϕ,
Lϕ i =
κ
(
λ2 − 1)
λ
εi jkm
(
Rˆ i j + γ eie j
)
Tˆ kϕm, (18)
with α = 2
l2
− 2λ2, β = 1
l4
− 2λ2
l2
, ϕ ≡ ϕ4, γ = 1
l2
− λ2 and where 
we have used the condition T a = 0. From this Lagrangian it is ap-
parent that neither the l −→ ∞ nor the l −→ 0 limit yields the 
Brans–Dicke term alone [26,27]. Rescaling κ properly, those limits 
will lead either to Gauss–Bonnet like term or to the cosmological 
like constant term by itself respectively (with T i = 0).4.2. Topological gravity for conformal algebra
Let us consider the algebra Conf4 = so (4,2) expressed in terms 
of the canonical base
[Mab,Mcd] = ηbcMad − ηbdMac − ηacMbd + ηadMbc,
with the range of indexes a, b, c, d, . . . = 0, 1, 2, 3, 4, 5 and a 
Minkowskian metric left invariant for the group
ηab = diag (−1,+1,+1,+1,+1,−1) .
One of the symmetric invariant tensors of rank three of this 
algebra is provided by
〈
MabMcdMef
〉= εabcdef .
In order to separate pieces with different physical meaning 
from a four-dimensional point of view, let us perform the stan-
dard change of basis deﬁned trough
J i j = Mij,
Ki = Mi4 + Mi5,
Pi = Mi4 − Mi5,
D = M45,
with the range of indexes i, j, k . . . = 0, 1, 2, 3
A = aD + 1

hi Ki + 1

ei P i + 12ω
i jhi j,
φ = 1

ϕD + vi Ki + ui P i + 12β
i jhi j .
So that when the gauge group is the conformal group, the 
Chern–Simons–Antoniadis–Savvidy action is given by
S(4)ChSAS =
∫ (Lϕ +Lv +Lβ +Lu) ,
with
Lϕ = εi jkm
(
1
4
Rˆ i j Rˆkm + 2
3
Rˆ i jhkem + 4
5
hih jekem
)
ϕ,
Lv = 2

εi jkm
[
Rˆ i j + 4
2
hie j
][
Tˆ k − eka
]
vm,
Lβ = 1

εi jkm
{
1
2
[
Rˆ i j + 4
2
hie j
][
da − 2
2
h f e f
]
− 1

[
DhiDh j
− Tˆ i Tˆ j + 2Dhi Tˆ j + 2eiaDh j + 2hiaTˆ j
]}
βkm, (19)
Lu = −2
l
εi jkm
[
Rˆ i j + 4
2
hie j
][
Dhk + hka
]
um,
being Rˆ i j the Lorentz curvature, Tˆ i the torsion and D the standard 
Lorentz covariant derivative in the spin connection.
5. Topological gravity for so (D − 1,1) ⊕ so (D − 1,2) algebra
The so (D − 1,1) ⊕ so (D − 1,2) algebra was proposed in
Ref. [21]. This algebra was re-obtained in Ref. [22] from AdS alge-
bra using the so-called expansion procedure and in Ref. [28] from 
Maxwell algebra through a procedure known as deformation of 
algebras. The corresponding generators satisfy the following com-
mutation relations,
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[ Jab, Pc] = ηbc Pa − ηac Pb, [Pa, Pb] = Zab,
[ Jab, Zcd] = ηbc Zad + ηad Zbc − ηac Zbd − ηbd Zac,
[Zab, Pc] = ηbc Pa − ηac Pb,
[Zab, Zcd] = ηbc Zad + ηad Zbc − ηac Zbd − ηbd Zac . (20)
In order to write down the Chern–Simons–Antoniadis–Savvidy
Lagrangian L(4)ChSAS ≡ C(4)ChSAS (A, φ) =
〈
F 2φ
〉
for the so (D − 1,1) ⊕
so (D − 1,2) algebra, we start from the corresponding-valued two-
form curvature
F = 1
2
Rab Jab + 1l
(
T a + kabeb
)
Pa
+ 1
2
(
Dωk
ab + kackcb + 1
l2
eaeb
)
Zab, (21)
and the 0-form
φ = 1
2
φef Jef + 1l φ
e Pe + 1
2
hef Zef . (22)
Using the invariant tensor for the so (D − 1,1) ⊕ so (D − 1,2)
algebra [29]
〈 Jab Jcd Pe〉 = 43α1l
3εabcde,
〈Zab Zcd Pe〉 = 43α1l
3εabcde, (23)
〈 Jab Zcd Pe〉 = 43α1l
3εabcde,
where α1 is an arbitrary constant of dimensions [length]
−3, we 
ﬁnd
L(4)ChSAS (A, φ) =
α1l2
3
εabcde R
abRcdφe + 2α1
3
εabcde R
abecedφe
+ α1
3l2
εabcdee
aebecedφe,
where (i) Rab = dωab + ωacωcd , with a, b, c, d = 0, 1, 2, 3, 4, (ii) ea
and ωab are one-forms pulled baked in 4 dimensions, (iii) we have 
considered, for simplicity, kab = 0 and T a = 0.
Using the same decomposition from Section 4, ea = (ei, e4), 
ωab = (ωi j,ωi4 = λei), φa = (φi, φ4) with i = 0, 1, 2, 3 and rotat-
ing the basis in such way that in each point of space the ﬁeld φa
has components φ4 = φ and φi = 0, we ﬁnd
L(4)ChSAS (A, φ) =
α1
3
φεi jkm
{
l2 Rˆ i j Rˆkm + α˜ Rˆ i jekem + β˜eie jekem
}
,
(24)
with α˜ = 2 (2− λ2l2), β˜ = 4
l2
− 4λ2 + λ4l2. This Lagrangian corre-
spond to the Brans–Dicke Lagrangian with cosmological term for 
small value of l2.
6. Concluding remarks
In Refs. [1–3] the idea of using forms of higher degree as 
non-abelian gauge ﬁelds was used to construct gauge invariant 
Lagrangian forms which are independent of the metric. In the 
present work we use the formalism introduced by Antoniadis and Savvidy to construct metric-independent topological invari-
ant on (2n + 1)-dimensional space–time. This construction allow 
us to ﬁnd a ‘Chern–Simons–Antoniadis–Savvidy’ form in 2n di-
mensions given by Eq. (14). This equation permits reobtain the 
even-dimensional topological actions for gravity from Refs. [4–6]
and to construct topological gravities for another gauge groups 
such us SO (D − 1,1) ⊕ SO (D − 1,2) group from Ref. [21]. These 
results together with those of Ref. [19] allow us to conjecture that, 
at least for the case where the gauge group is the Poincaré group, 
the gauged Wess–Zumino–Witten term corresponds to a Chern–
Simons–Antoniadis–Savvidy form.
The actions (18), (19), and (24) can be understood as a gener-
alization of the action (6) from Ref. [17]. In this context the tor-
sion free condition on the 4-dimensional torsion is not valid. This 
fact has the consequence that the torsion becomes a new source 
for the metric curvature, which can give rise to very interesting 
cosmological solutions different from the known four-dimensional 
Friedmann–Robertson–Walker solutions. A detailed study, for a 
particular case of the Lagrangian (18) (case ϕn = 0) can be found 
in Refs. [17] and [30].
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